In this letter we consider the superradiant phase transition of a two-component Fermi gas in a cavity across a Feshbach resonance. It is known that quantum statistics plays a crucial role for the superradiant phase transition in atomic gases; in contrast to bosons, in a Fermi gas this transition exhibits strong density dependence. We show that across a Feshbach resonance, while the twocomponent Fermi gas passes through the BEC-BCS crossover, the superradiant phase transition undergoes a corresponding crossover from a fermionic behavior on the weakly interacting BCS side, to a bosonic behavior on the molecular BEC side. This intricate statistics crossover makes the superradiance maximally enhanced either in the unitary regime for low densities, in the BCS regime for moderate densities close to Fermi surface nesting, or in the BEC regime for high densities.
Recent experiment has combined atomic Bose-Einstein condensates and cavity quantum electrodynamics together where atom-light interactions are strongly enhanced [1] [2] [3] . A superradiant phase transition driven by external pumping field has been observed, across which atoms form a density-wave order [4] [5] [6] , and roton mode softening has been found in the vicinity of this superradiant phase transition [7] . Theoretical studies have extended to investigate noninteracting Fermi gases inside a cavity [8] [9] [10] [11] [12] [13] . It is shown that the Fermi statistics plays a crucial role in the superrandiant phase transition at moderate and high densities [11] [12] [13] . At moderate densities, Fermi surface displays a nesting structure and strongly enhances superradiance, when the momentum of the cavity light field matches the nesting momentum. While at high densities, Pauli blocking effect forbids a large part of atom-light scattering processes, and consequently, strongly suppresses superradiance. The strong density dependence marks the major difference between superradiances in ideal Fermi gases and Bose gases.
During the past decade, another important development in cold atom physics is the study of strongly interacting two-component Fermi gases and the BEC-BCS crossover utilizing Feshbach resonance [14, 15] . The inter-atomic s-wave scattering length a s can be continuously changed by a Feshbach resonance, and the dimensionless parameter −1/k F a s (k F is the Fermi momentum in the noninteracting limit) controls the BEC-BCS crossover. In the BCS limit of the crossover −1/k F a s → +∞, fermions form loosely bound Cooper pairs and the low-energy response is dominated by fermionic quasiparticles; the system recovers a noninteracting Fermi gas. In the BEC limit −1/k F a s → −∞, Cooper pairs transform into tightly bound bosonic molecules, and the system responses to external fields mainly as bosons. In between, when a s is so large that −1/k F a s ≈ 0, the system is in a strongly interacting regime and its response shall exhibit both bosonic and fermionic characters.
So far, Fermi gases with inter-atomic interactions in a cavity have been barely studied. In this work we consider a two-component Fermi gas in a cavity across a Feshbach resonance. Given that the gas can be continuously tuned between the fermion limit and the boson limit, and that atoms with different statistics have been shown to behave differently in the superradiant phase transition [11] [12] [13] , the motivation of our study is to address how the statistics crossover manifests itself in the superradiant phase transition across a Feshbach resonance, and the physical consequence of this crossover. In experiments, the superradiant phase transition is usually driven by increasing the strength of pumping field. In this work we will reveal nontrivial dependence of the critical pumping strength on the density of fermions n and the inter-atomic interaction strength characterized by −1/k F a s . Our results represent a manifestation of the interplay between strong interactions from Feshbach resonance and strong atomlight coupling in a cavity, and will provide insight for future experiments.
Model. Our system is schematically shown in Fig. (1) . Applied on the Fermi gas is a pumping field that consists of two laser beams counter-propagating along theŷ direction, with frequency ω p and polarization in theẑ direction. The single-mode cavity field of interest varies in thex direction, with frequency ω c close to ω p . The system is described by the HamiltonianĤ =Ĥ at − δ câ †â , whereâ is the field operator for the cavity mode and δ c = ω c − ω p is the cavity field detuning.
The Hamiltonian experienced by the fermions has two partsĤ at =Ĥ 0 +Ĥ int . The free fermion part is [11] 
whereψ σ (r) are the fermion field operators with (peudo) spin index σ ∈ {↑, ↓}. The pumping field and the cavity field generate respectively the optical potentials V (r) = V 0 cos 2 (k 0 y) and U (r) = U 0 cos 2 (k 0 x), and the coupling between the pumping field and the cavity field comes from an interference term
with η 0 = √ U 0 V 0 , k 0 is the wavevector magnitude of both the pumping field and the cavity mode [16] . The recoil energy E r = 2 k 2 0 /2m is defined for latter use. The inter-atomic interaction nearby a Feshbach resonance is described by the Hamiltonian
The bare attractive inter-fermion interaction coupling g is renormalized to the s-wave scattering length a s via m/4πa s = 1/g + mΛ/2π 2 with Λ the momentum cutoff. This attractive interaction between fermions lead to fermion pairing and a Fermi superfluid ground state.
Ground State in Non-superradiant Phase. Before entering the suprradiance phase, â † = â = â †â = 0, fermions only experience a one-dimensional lattice V (r) along the direction of the pumping field, and the single-particle eigenstates are the Bloch states |k satisfying H 0 |k = ξ k |k . By expandingψ σ (r) = 1/V k φ k (r)ĉ kσ with r|k = φ k (r) and V the gas volume, we introduce fermion pairing order parameter ∆ 0 = (g/V ) k c k↑ c −k↓ ( = 0). Here we assume the lattice V (r) is weak and we have ignored pairing at non-zero crystal momentum. With this assumption, the order parameter ∆ 0 is determined by the gap equation and the number equation [16] . In this Fermi superfluid state, the single-particle Green's functions are given by
with E k = ξ 2 k + ∆ 2 0 and the fermionic Matsubara frequencies ω n = (2n + 1)π/β for n = 0, ±1, ±2, . . . , and β the inverse of temperature. Their diagrams are shown in Fig. (2)(a1) . The components
) describe the propagation of particles and holes, respectively, while G ↑↓ 0 (k) and G ↓↑ 0 (k) are the anomalous Green's functions proportional to the pairing gap ∆ 0 which we take to be real.
Condition for Superradiant Phase Transition. The superradiant phase transition is determined by the instability of non-superradiance toward developing nonzero â †â . As shown in Ref. [5] , the superradiant phase transition occurs simultaneously with the formation of density-wave order of atoms with momentum Q ±± , where Q ±± = (±k 0 , ±k 0 , 0) is the momentum transfer between the cavity field and the pumping field. That is to say, â is proportional to the density-wave
. By integrating out the fermion fields, one can obtain the free-energy of the system in the form F = CΘ 2 [16] , where C changing sign from positive to negative gives the critical pumping field strength η cr 0 for the superradiance transition [5, 11, 16] 
Here κ is the cavity mode decay rate, andδ c is the shifted cavity mode detuningδ c = δ c − d 3 r n(r) U (r), which is assumed to be red-detuned (δ c < 0). The most essential quality determining this transition is the density-wave order susceptibility of the Fermi superfluid defined as
Here Tr includes the integration of the spatial coordinates and the imaginary times, T is the time ordered operator. The expectation value of the fermion operators . . . is taken in the non-superradiant Fermi superfluid phase. A larger χ means that the Fermi gas has stronger tendency toward forming a density-wave order at a momentum Q ±± , and it is easier for the Fermi gas to enter the superradiant phase; in another word, the critical pumping strength shall be smaller.
Density-Wave Order Susceptibility. In order to capture both fermionic and bosonic responses of a Fermi superfluid, the density-wave order susceptibility χ should be calculated by the random phase approximation. This approximation maintains conservation laws [17, 18] and guarantees that one can recover the free fermion and the free boson results in the limits −1/(k F a s ) → ±∞, respectively. Within this approximation, we have χ = χ F + χ B and
where γ q (r) = cos(q · r) is the mode factor for Cooper pair fluctuations.
The fermionic response χ F is due to that the cavity field couples to the fermonic excitations of the Fermi superfluid by breaking up Cooper pairs. The Feynman diagrams corresponding to χ F are shown in Fig. (2)(b) . The diagrams describe the process that a fermion with momentum k is scattered to momentum k ′ , where the momentum transfer comes from the photon momentum change from the pumping field to the cavity field, as denoted by the vertex in Fig. (2)(a2) . Since all fermions are paired in the Fermi superfluid phase, this process must be accompanied by pair breaking. In the BCS limit where the pairing gap ∆ 0 is small and pairs are easy to break, χ F is dominant in χ and could recover the transition for free fermions in the limit of vanishing pairing gap [16] . While in the BEC limit this process is strongly suppressed because of large pairing gap.
The bosonic response χ B originates from the process that the cavity field excites nonzero momentum Cooper pairs and corresponds to the diagram shown in Fig.  (2)(c) . In this process, one of the two fermions in the Cooper pair, say, the one with momentum k, is scattered to momentum k + q by a photon. Thus, the Cooper pair acquires a finite momentum q and propagates with this fixed momentum q (up to a reciprocal lattice vector alonĝ y). After another scattering with a photon, the Cooper pair returns to zero-momentum. Because of weak lattice V (r) we only take into account the contributions from the scattered Cooper pairs of momentum |q y | ≤ q 0 . The Cooper pair propagator Π −1 q is given in Eq. (12) and its diagram in Fig. (2)(c) which is a summation of ladder diagrams. There are two ways for a Cooper pair to propagate, through multiple scattering and through vacuum fluctuations, respectively. Both are included in Eq. (12) and in the bottom of Fig. (2)(c) . In the BEC limit χ B is dominant in χ and χ B ∼ a s ∆ 2 0 ∼ n recovering the free boson result. While in the BCS limit, χ B ∼ ∆ 2 0 /k F is exponentially suppressed [16] .
We plot in Fig. (3) the dimensionless susceptibility f ≡ E r χ/N , as well as its fermionic and bosonic constituent f F ≡ E r χ F /N and f B ≡ E r χ B /N , as functions of the BEC-BCS crossover controlling parameter
First, Fig. ( 3)(a) shows that f F exhibits strong density dependence on the BCS side. Around a moderate density of (k F /k 0 ) 3 = 0.5, the Fermi surface nesting is optimal, and f F becomes much larger than the low-density limit value f F = 1/2 [11] . This is the regime where Fermi surface nesting strongly enhances superradiance, as discussed in noninteracting Fermi systems [11] [12] [13] . On the other hand, for high densities, say, (k F /k 0 ) 3 = 4 in Fig. (3)(a) , f F is much smaller than 1/2 on the BCS side. This is the regime where the Pauli exclusion prin- ciple strongly suppresses superradiance. As approaching the BEC side, f F is strongly suppressed for all densities. Second, as shown in Fig. (3)(b) , f B approaches the value of noninteracting bosons (also = 1/2) in the BEC limit, independent of densities. While on the BCS side, for all densities f B is strongly suppressed. Figure ( 3)(c) shows the central result of this work. The total f exhibits different features for different densities as −1/k F a s varies. The most intriguing case is at relatively low-densities, say, (k F /k 0 ) 3 = 0.2, where f displays a maximum in the unitary regime (1/a s ≈ 0). This maximum is because in this regime, the bosonic contribution already takes off while the fermionic contribution has not damped out. While for moderate densities of Fermi surface nesting regime, f monotonically increases as −1/k F a s increases from the BEC limit to the BCS limit, due to the Fermi-surface nesting enhancement of χ on the BCS side. In contrast, for high densities, f monotonically decreases, due to the Pauli blocking suppression of χ on the BCS side. The total f has strong density dependence on the BCS side where it is dominated by the fermionic behavior, and becomes less and less sensitive to density in the BEC limit where it is dominated by the bosonic behavior. This change of f with −1/k F a s between the two limits is the manifestation of statistics crossover in superradiance.
Phase Diagram. The boundary separating the normal and the superradiant phases can be obtained by solving Eq. (7) [16]. In Fig. (4) , we plot the phase diagram in term of V 0 andδ for different densities and interaction strengths. In the BCS region, Fig. (4) (a) shows that the moderate density ν = 0.5 is the easiest to be superradiant. In the unitary region as shown in Fig. (4) (b) the low density ν = 0.2 is the easiest to be superradiant primarily due to the maximum of f mentioned above in this part of the parameter space. On the BEC side, Fig. (4) (c) shows that the density dependence diminishes since it shall be washed out completely in the BEC limit. Conclusion. We have presented basic features of the superradiant phase transition of two-component Fermi gases across a Feshbach resonance. The main results are: i) On the BCS side of resonance the superradiant phase transition shows strong density dependence, similar as noninteracting Fermi gas; While on the BEC side it gradually becomes density independent, similar as noninteracting bosons. ii) Superradiance is mostly enhanced in the unitary regime for low density, in the BCS regime for moderate density, and in the BEC regime for high density. In this work, we have only focused on the superradiant phase transition itself. Inside the superradiant phase, the additional lattice due to the cavity field will further modify the single-particle dispersion, which will feedback to the Fermi superfluid. Furthermore, the quantum fluctuation of the cavity field will also generate additional effect on the Fermi superfluid. The properties of Fermi superfluids in the superradiant phase would be a subject for future studies.
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Explicit Expression for Density-Wave Order Susceptibility. The explicit expressions for the densitywave order susceptibility within the BCS theory are
A q = k,k ′ k ′ |η(r)|k k|γ q (r)|k
In the BSC limit, the factor 1 − ξ k ξ k ′ /E k E k ′ ≈ n F (ξ k ) − n F (ξ k ′ ) with n F the Fermi-Dirac distribution; χ F becomes the same as it is for free fermions [11] . In the BEC limit, A q ≈ m 2 a s ∆ 0 V δ q,Q±,± /16π and Π q ≈ −16π/k 2 0 ma s , f ≈ 1/2 which is the same as it is for condensed noninteracting bosons [5, 11] .
Determination of Phase Boundary. The boundary between the non-superradiant and superradiant phases is determined by Eq. (7). Since η 0 = √ U 0 V 0 , χ = N f /E r , and f is a dimensionless function of dimensionless parameters V 0 /E r and ν = (k F /k 0 ) 3 , we could recast Eq. (7) in the form
by introducing x =δ c /E r . We take typical experimental values N U 0 /E r = 10 3 and κ/E r = 250. Thus at each given pumping strength V 0 /E r we can obtain the critical strengths of the cavity detuningδ c .
